It was conjectured by Ohba and confirmed recently by Noel et al. that, for any graph
Introduction
For a graph or a hypergraph G, a vertex coloring of G is proper if every edge contains a pair of vertices with different colors. For a positive integer k, a k-list assignment of G is a mapping L which assigns to each vertex v a and Wu [14] .
In this paper we focus on the chromatic-choosability of the uniform hypergraphs with high chromatic number, where the notion of uniform means that every edge consists of the same number of vertices. We show that the uniform hypergraphs H with high chromatic number are chromatic-choosable, that is, if |V (H)| ≤ (r − For a graph G and an integer r ≥ 2, we construct an r-uniform hypergraph G (r) as follows: Proof. It is easy to see that a coloring f of G is d-improper if and only if f is proper when regarded as a coloring of G (d+2) . Thus, the assertion holds. Proof. Let G be a graph with at most
Note that H and G have the same vertex set. Thus,
The proof is completed.
To support Conjecture 2.1, Yan et al. [23] also proved the following result.
Theorem 2.4. (Theorem 1, [23]) For any graph G and integer
For two vertex disjoint graphs G 1 and G 2 , the join of G 1 and G 2 , denoted by G 1 +G 2 , is obtained from their union by adding edges joining every vertex of G 1 to every vertex of G 2 . Let K n be the complete graph with n vertices. 
Corollary 2.5. (Corollary 1, [23]) For any graph G and integer
We remark that, all of Theorem 2.4, Corollary 2.5 and Theorem 2.6 have analogous forms for r-uniform hypergraphs by properly extending the relevant concepts. For two vertex disjoint r-uniform hypergraphs H 1 and H 2 , the join of H 1 and H 2 , denoted by H 1 + H 2 , is an r-uniform hypergraph with vertex set V (H 1 ) ∪ V (H 2 ) and edge set E(
n , has all k-subsets of its vertex set as edges. Now we give the following analogous form of Theorem 2.6 for r-uniform hypergraphs. The original proof for Theorem 2.6 is also valid for r-uniform hypergraphs by setting r = d + 2 and replacing 'd-improperly L-colorable', 'graph join' and 'complete graph K n ' by 'L-colorable', 'r-uniform hypergraph join' and 'complete r-uniform graph K (r) n ', respectively. Theorem 2.7. For any r-uniform hypergraph H, if
For k positive integers p 1 , p 2 , . . . , p k , let V 1 , V 2 , . . . , V k be k disjoint sets of size p 1 ,p 2 ,. . .,p k , respectively. Following [4] , we define the r-complete kpartite hypergraph K r p 1 ,p 2 ,...,p k with partite sets V 1 ,V 2 ,. . .,V k as follows:
We note that the notion of k-partite hypergraph here means that each edge may contain two or more vertices from a partite set, which is different from others that used in some literatures. Nevertheless, when r = 2, K r p 1 ,p 2 ,...,p k agrees with the usual complete k-partite graph K p 1 ,p 2 ,...,p k . Further, if there are two p i 's, say p 1 and p 2 , which are less than r − 1, then
. Therefore, in the following we always assume that p i ≥ r −1 for all i ∈ {1, 2, . . . , k} with at most one exception. For simplicity, if 
3 Sharpness of Conjecture 1.1
It is well known that the condition of Ohba's Conjecture is sharp. Indeed, in [5] it was proved that the complete k-partite graph G on 2k + 2 vertices is not chromatic-choosable if k is even and either every part of G has size 2 or 4, or every part of G has size 1 or 3. In the following, we give an analogue of the former for r-uniform hypergraphs with r ≥ 3 and a partial generalization of the latter when G = K 3,3 to r-uniform hypergraphs with r ≥ 2, indicating that the upper bound rχ(H) + r − 1 in Conjecture 1.1 is also sharp.
, where
. . , C r be r disjoint color sets of size
It is easy to check that S ∪ T is a bipartition of
Suppose to the contrary that |f
This means that V i has at least one vertex which is not assigned the color c by
. Further, since f is a proper coloring, the edge W is not monochromatic under f , which contradicts the fact that W ⊆ f −1 (c). This proves the claim.
As k is a multiple of r − 1, the above inequality can be reduced to
On the other hand, notice that ℓ
where '≥' holds as r ≥ 3. This is again a contradiction and hence completes the proof of the theorem. 
Proof. Let H = K r (r+1) * r with r partite sets V 1 , V 2 , . . . , V r , where
Let L be the r-list assignment of H defined by L(v i,j ) = {1, 2, . . . , r + 1} \ {j} for i ∈ {1, 2, . . . , r} and j ∈ {1, 2, . . . , r + 1}. We show that H is not Lcolorable.
Suppose to the contrary that f :
is an L-coloring of H. Then we have
On the other hand, for any i ∈ {1, 2, . . . , r}, the lists of all r + 1 vertices in V i have an empty intersection. Thus, |f −1 (k)| ≤ r for k ∈ {1, 2, . . . , r + 1}. This, combining with (1), implies that |f −1 (k)| = r for k ∈ {1, 2, . . . , r + 1}. Therefore, for each k ∈ {1, 2, . . . , r + 1}, f −1 (k) must be contained in V i for some i ∈ {1, 2, . . . , r} since otherwise f −1 (k) is an edge in H. By the pigeonhole principle, there exist two color classes, say f −1 (1) and f −1 (2), contained in the same partite set, say V 1 . Consequently, |f −1 (1)|+|f −1 (2)| = 2r > r + 1 = |V 1 |. This is a contradiction and hence completes the proof.
Support for Conjecture 1.1
We begin with some lemmas that are necessary for our forthcoming argument.
For an r-hypergraph H and a subset X ⊆ V (H), we denote by The next two lemmas are the extensions of two methods which are frequently used in the study of the list colorings for ordinary graphs. Our proof follows the techniques given in [13, 17] , with only slight modifications.
Proof. If (r − 1)|L(X)| ≥ |X| for each nonempty subset X ⊆ V (H), then we are done by Lemma 4.2. We now assume that X is a maximal nonempty subset of V (H) such that (r −1)|L(X)| < |X|. Let C = L(X), Y = V (H)\X and let S be an arbitrary nonempty subset of Y . Then by the maximality of X, (r − 1)|L(X ∪ S)| ≥ |X ∪ S|. On the other hand, notice that
Therefore, H is L-colorable by Lemma 4.1.
Proof. Let L be an arbitrary k-list assignment of H. Let X be a nonempty subset X ⊆ V (H) such that (r − 1)|L(X)| < |X| and let x ∈ X. Define the
and hence (r − 1)|L ′ (V (H))| < |X| ≤ |V (H)|. Thus by the condition of the lemma, H is L ′ -colorable and so is
Gravier and Maffray [8] showed that K 3,2 * (k−1) is chromatic-choosable, which gave a support to Ohba's conjecture before the conjecture was proved. The following two theorems are the generalizations of this result to uniform hypergraphs and therefore, give a support to Conjecture 1.1.
For a color c of L and a vertex subset X of H, the multiplicity of c in X is defined by |{v : v ∈ X, c ∈ L(v)}|, that is, the total times of c that appears in the lists of the vertices in X. For a list assignment L, the multiplicity of c in X is denoted by η L,X (c), or simply η X (c) when the list assignment is clear. 
Suppose to the contrary that there exists a color c * ∈ v∈V i L(v) for some i ∈ {2, 3, . . . , k}. We use c * to color all vertices in V i and let
This is a contradiction and hence Claim 1 follows.
Claim 2: L has a colorc such that η V 1 (c) ≥ ξ.
Letc be the color such that η V 1 (c) is maximum. By (2) we have . Let c i be the color in L(V i ) such that η V i (c i ) is maximum. By an argument similar to the proof of Claim 2, we have
This means that all vertices in V i have a common color in their lists. This contradicts Claim 1 and therefore, Claim 3 follows. . Thus, the first inequality in the claim is reduced to (2r − 1)((r − 1)p + q + 1)
that is, (2r − 1)((r − 1)p + q + 1) > (rp + q + 2)(r + q − 1).
Let ∆ = (2r − 1)((r − 1)p + q + 1) − (rp + q + 2)(r + q − 1) = −q 2 + (r − 2 − pr)q + (1 + p − 2pr + pr 2 ). In order to show ∆ > 0 we consider the quadratic function f (x) = −x 2 + (r − 2 − pr)x + (1 + p − 2pr + pr 2 ). Note that 0 ≤ q ≤ r − 2 and ∆ = f (q). As f (x) is strictly concave on the interval [0, r − 2], the minimum value of f (x) must be attained at x = 0 or r − 2. Direct calculation leads to f (0) = 1 + p − 2pr + pr 2 = rp(r − 2) + p + 1 > 0 and f (r − 2) = p + 1 > 0. Therefore, f (x) > 0 on [0, r − 2] and hence ∆ > 0. This proves Claim 4.
Then by Claims 2 and 4, we have |X| ≥ ξ ≥ r and therefore,
Clearly,
Let S be an arbitrary nonempty subset of Y . By Lemma 4.2, it suffices to show that (r − 1)|L ′ (S)| ≥ |S|. To this end, we consider two cases.
Case 1 : V i ⊆ S for any i ∈ {2, 3, . . . , k}.
In this case, we have
Notice that |L
Then by (6) and (7) we have
On the other hand, by the first inequality in (6), |S| ≤ |V
Thus, (r − 1)|L ′ (S)| ≥ |S|, as desired.
From the above two cases, Claim 5 follows.
Finally, by Claim 5 and Lemma 4.1, H is L-colorable. This is a contradiction and hence completes the proof of this theorem. r * (k−1) ). Thus, by Theorem 4.5 χ l (K r 2r,r * (k−1) ) ≤ k + 1. This proves the corollary.
The following result gives the second generalization of K 3,2 * (k−1) for supporting our conjecture.
Before proving, we need first to show that χ l (K r (r+1) * (r−1) ) = r − 1. In fact, we prove the following more general result.
Proof. If r = 2 then k = 1 and the assertion trivially holds. We may assume that r ≥ 3. We prove the proposition by induction on k.
r+1) * k contains no edges and hence is 1-choosable. Let 1 < k ≤ r − 1 and assume that K r (r+1) * t is t-choosable for any t < k. For simplicity, let H = K r (r+1) * k and let V 1 , V 2 , . . . , V k be the k partite sets of H. We need to show that H is k-choosable. In the following, we assume that v∈V i L(v) = ∅ for any i ∈ {1, 2, . . . , k}.
As
for each i ∈ {1, 2, . . . , k}. Equivalently, (8) .
Let I be a maximal subset of {1, 2, . . . , k} such that {C i : i ∈ I} has a system of distinct representatives and let s = |I|. Since C i is nonempty, s ≥ 1. With no loss of generality, we may assume that I = {1, 2, . . . , s}. Let (c 1 , c 2 , . . . , c s ) be a system of distinct representatives of (C 1 , C 2 , . . . , C s ). Notice that η V i (c i ) = r and |V i | = r + 1. For each i ∈ {1, 2, . . . , s}, let v i be the only vertex in
For each i ∈ {1, 2, . . . , s}, as Let S be an arbitrary subset of V (H ′ ). We consider three cases:
Case 1 : v i ∈ S for any i ∈ {1, 2, . . . , s}.
In this case,
Case 2 : v i ∈ S for some i ∈ {1, 2, . . . , s} and V p ⊆ S for any p ∈ {s + 1, s + 2, . . . , k}.
In this case, |S| ≤ r(k − s) + s. As |L ′ (v i )| ≥ k − s + 1 and k ≤ r − 1, we have
Case 3 : v i ∈ S for some i ∈ {1, 2, . . . , s} and V p ⊆ S for some p ∈ {s + 1, s + 2, . . . , k}.
On the other hand, |S| ≤ |V (H ′ )| = (r + 1)k − rs. Thus, (r − 1)|L ′ (S)| ≥ |S|.
By the above three cases, for any
Thus, H is L-colorable and hence k-choosable. This proves the proposition by induction.
Proof of Theorem 4.7. We prove the theorem by induction on k. If k = r − 1 the the assertion holds by Proposition 4.8. Now let k ≥ r and assume that K r (r+1) * (r−1),r * (k−r) is (k − 1)-choosable. We are going to show that K r (r+1) * (r−1),r * (k−r+1) is k-choosable. Write H = K r (r+1) * (r−1),r * (k−r+1) and let V 1 , V 2 , . . . , V k be the partite sets of H with |V i | = r +1 for i ∈ {1, 2, . . . , r −1} and |V i | = r for i ∈ {r, r + 1, . . . , k}.
Let L be any k-list assignment of H such that
By Lemma 4.4, it suffices to show that H is L-colorable. We now assume that v∈V i L(v) = ∅ for each i ∈ {1, 2, . . . , k}. The following discussion is much similar to the proof of Proposition 4.8. For each i ∈ {1, 2, . . . , r − 1} let C i = {c ∈ L(V i ) : η V i (c) = r}. Then (9) holds for each i ∈ {1, 2, . . . , r − 1} and, therefore, |C i | ≥ (r + 1)k − (r − 1)|L(V i )|. Since |L(V i )| ≤ |L(V (H))| and k ≥ r, it follows by (10) that |C i | > 1.
Let I be a maximal subset of {1, 2, . . . , r − 1} such that {C i : i ∈ I} has a system of distinct representatives, and let s = |I|. It is clear that 1 ≤ s ≤ r−1 as C i = ∅ for each i ∈ {1, 2, . . . , r − 1}. With no loss of generality, we assume that I = {1, 2, . . . , s} and (c 1 , c 2 , . . . , c s ) is a system of distinct representatives of (C 1 , C 2 , . . . , C s ). For each i ∈ {1, 2, . . . , s}, let v i be the only vertex of V i such that c i ∈ L(v i ). Let 
For each p ∈ {r, r + 1, . . . , k}, since v∈Vp L(v) = ∅, each color of L(V p ) appears at most r − 1 times in V p . Therefore, 
